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Abstract 

Let Bp’g( R ra ) (s € R, a > 0, p, q £ [l,oo]) be the logrithmically refined Besov space, 
which is defined by replacing 2 JS in the definition of the Besov space B pq ( R") with 2 Bj a for 
all j £ N. We prove that the Navier-Stokes initial value problem is well-posed in R") 

for 1 < q < oo and a > a q := 1 — min{l — |, |}, and ill-posed in _B^ ) b' T (R”) for 1 < q ^ oo 
and 0 St a < a q . The well-posedness result is proved by using some sharp bilinear estimates 
obtained from some Hardy-Littlewood type inequalities. The ill-posedness assertion is proved 
by refining the arguments of Wang HU and Yoneda [TO| . 
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1 Introduction 

This paper addresses the following question raised by Wang in m What is the largest 
Besov-type space in which the initial value problem of the Navier-Stokes equations is well-posed? 
The purpose of this paper is to give an answer to this question. 

Recall that the initial value problem of the Navier-Stokes equations reads as follows: 

dtu — A u + (u ■ V)tt + V7r = 0 in M n x M + , 

< V • u = 0 in M n x M + , (1-1) 

u(x, 0) = uo(x) for x € M n , 
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where n > 2, u = u(x,t) = (ui(x,t),U 2 (x,t), - • • ,u n (x,t)) is an unknown n-vector function 
in (x,t) variables, x € M n , t > 0, n = n(x,t) is an unknown scalar function, uq = uq(x) is 
a given n-vector function, A is the Laplacian in the x variables, V = (d xi , d X2 , ■ • • ,d Xn ), and 
M + = (0, oo). 

Let P = I + V(—A) _1 V be the Helmholtz-Weyl projection operator, i.e., the n x n matrix 
pseudo-differential operator in M n with the matrix symbol ^Sij — , where 5ij 's are the 

Kronecker symbols. It is well-known that when only the L 2 uloc L ^-class solutions (see [L3| for 
this notion) are considered, which is the case in this paper, the problem (1.1) is equivalent to 
the following formally simpler problem: 

df U — A u + PV • (u <g> u) = 0 in M n x E + , 

< ( 1 . 2 ) 

u(x,t ) = uq(x) for x € R”. 

Throughout this paper, for any scaler function space SC we shall use the same notation SC to 
denote its n-vector counterpart to simplify the notation. Let A be a function space continuously 
embedded in S"(R n ), the space of temperate distributions on R n endowed with the dual topology 
of the Schwartz space S(R n ). Recall that the initial value problem (1.1) is said to be locally 
well-posed in A if for any uq E X with divno = 0 there exists corresponding T > 0 and a 
continuously embedded subspace Yt of C([0,T], X) such that the problem (1.2) has a unique 
solution u in Yt , and the solution map uq h► u is continuous with respect to the norm topologies 
of X and C'([0, T],X). If (1.1) is not locally well-posed in a function space X , then it is called 
ill-posed in X. Also recall that (1.1) is said to be semi-globally well-posed in X for small initial 
data if for any T > 0 there exists corresponding constant £ > 0 and a continuously embedded 
subspace Yt of C([0,T],A) such that for any u$ e X with divuo = 0 and ||uo||jc < £ the 
problem (1.2) has a unique solution u in Yt , and the solution map wo | —>• u is continuous with 
respect to the norm topologies of X and C([0,T], X). If there exists constant e > 0 such that 
for any uq e X with divuo = 0 and ||uo||jf < £ the problem (1.2) has a unique solution u in 
some subspace of C([0, oo), X) n L°°((0, oo), A), and the solution map uq i->- u is continuous 
with respect to the norm topologies of A and L°°((0, oo), A), then (1.1) is said to be globally 
well-posed in X for small initial data. 

The topic of well-posedness of the problem (1.1) in various function spaces has been deeply 
investigated during the past 50 years. In 1964 Fujita and Kato [8] obtained the first result on 
this topic by proving that the problem (1.1) is locally well-posed in LP(M n ) for s > % — 1 and 
globally well-posed in H 2 ^ 1 (R n ) for small initial data. These results were later extended to 
various other function spaces, cf. PQ m 13 eh sni nn [12 nn nsi usi mi and references cited 
therein. Note that the literatures listed here are far from being complete; we refer the reader 
to see [5] and m for expositions and more references. Here we particularly mention that by 
Cannone [ 4 J and Planchon usi, the problem (1.1) is well-posed in the Besov spaces B^W 1 ) 
for s ^ — 1 + ^, l^p<oo, l^g^oo, and by Koch and Tataru [42], it is well-posed in 
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BMO 1 . Note that the inhomogeneous version bmo 1 of BMO 1 is the largest initial value 
space in which the problem (1.1) is known to be locally well-posed. 

On the other hand, in 2008 Bourgain and Pavlovic [3] proved that the problem (1.1) is 
ill-posed in the Besov space Bf^iW 1 ). Yoneda [19] further proved that (1.1) is ill-posed in the 
Besov spaces B^ q (R n ) and the Triebel-Lizorkin spaces i^^M”) for 2 < q ^ oo. Recently, Wang 
m proved that the problem (1.1) is also ill-posed in the Besov spaces B 0 J q (W n ) for 1 ^ q ^ 2, 
which is a remarkable result because previously it had been commonly conjectured that (1.1) is 
well-posed in Bf^ q (M. n ) for 1 ^ q ^ 2 due to the fact that they are smaller than BMO . Note 
that all the above-mentioned ill-posedness results also hold for the corresponding inhomogeneous 
spaces, because all the arguments used in 0, PH and m also work for the corresponding 
inhomogeneous spaces. 

Recalling that BMO~ l = and bmo -1 = (M n ), we see that BMO _1 and bmo -1 

are respectively the largest homogeneous and inhomogeneous Triebel-Lizorkin spaces in which 
the problem (1.1) is well-posed. Naturally, we want to know what is the largest Besov-type 
space in which the problem (1.1) is well-posed. To give an answer to this question we need to 
refine the classification of the Besov space and introduce the logarithmically refined Besov space 
Bpq (W 1 ) as follows (cf. [19]): 

Definition 1.1 (1) Let s E M, a ^ 0 and p,q E [1, oo]. The function space Bpq (M n ) 
consists of all temperate distributions u on M n such that Squ E L p (R n ), A ju E L p (M n ), j = 
1,2,---, and {2 : > s j~ rT \\Aju\\ p }jL 1 E l q , where Sq and A j are the frequency-localizing operators 
appearing in the Littlewood-Paley decomposition u = Squ + j AjU ( see the next section). 
The norm of u E Bpq (R n ) is given by ||w|| B ^ = ||5ort|| p + ||{2- 7S j _ °j| A j 'm|| p }?L 1 ||^, i.e., 


u 




ii5 0 «ii P + [Y2(2 js f\\ A Mp) g Y 

3 =1 

\\S 0 u\\p + sup (2 js f\\Aju\\p) 
je n v 7 


for 1 ^ q < oo, 
for q = oo. 


Here and throughout the paper || • || p denotes the norm of L p (R n ) (1 ^ p ^ oo). 

(2) For s € M, a ^ 0 and p,q E [1, oo], we denote by B s p ' q J(K n ) the closure of S(R n ) in 

Bp'q (M n ). 

It is easy to prove that Eff (W l ) is a Banach space, and clearly Bpq(R n ) = B pq (R n ), i.e., 
when cr = 0, Bp,f(R n ) coincides to the usual Besov space B pq (R n ). Moreover, it is also easy to 
prove that the following embedding relations hold: 


• For t>s,r>o>0 and p, q E [1, oo], we have 

Bl q m C B s p ’ g T (R n ) C Bp’ q (R n ) C B s pq (R n ) 
with continuous embedding. 
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• For s € R, (T\ ^ (72 ^ 0 and p, qi,q -2 € [1, oo] such that o\ + l/qi > (72 + 1/^2, we have 


with continuous embedding. 


pq i 


C B 


pq 2 


In our previous work [6], we proved that the problem (1.1) is locally well-posed in 
and semi-globally well-posed in -B)»o^(R n ) for small initial data (cf. Theorems 2.1 and 2.2 of [6]). 
The arguments used in [6] can be easily extended to prove that (1.1) is also locally well-posed in 
-B oo ^ r 0 (R n ) and semi-globally well-posed in B a oo£ r (M n ) for small initial data for any cr ^ 1. Our 
first main result of this paper extends these results to Bf^^fR. 71 ) and B^q 7 (JSL n ) for 1 ^ q < oo 
and a ^ a q , where 

f 1 1) 

(Tn = 1 — min II-, - > for 1 ^ ^ oo, 

1 q q) 

i.e., we have the following result: 


Theorem 1.2 Let 1 ^ q < oo and assume that cr ^ a q . Then the following assertions 
hold: 

(1) The problem (1.1) is locally well-posed in Bf o ^ T 0 (M n ). More precisely, for any uq € 
I?c» 1 go(R n ) with V • uq = 0, there exists corresponding T > 0 such that the problem (1.2) has a 
unique mild solution in the class 


u G C([0,T] 1 B M 1 ';(r))nL£((0 I T] 1 L“(r)) ] V • u = 0, 


sup \ft 
te(o,T) 


In 


(- 

VeT 


\u 


< OO, Vt 


In 


fi¬ 

ver 


\u 


e L’((0,T),y), 


(1.3) 


and the solution map uq i—)• u from a neighborhood of uq in B 0 ^^(W l ) to the Banach space of 
the above class of functions on R n x (0, T) is Lipschitz continuous. 

(2) The problem (1.1) is semi-globally well-posed in Bfftq (R n ) for small initial data. More 
precisely, for any T > 0 there exists corresponding constant e > 0 such that for any uq € 
Bf^f (W 1 ) with V • uo = 0 and ||ito|| < e, the problem (1.2) has a unique mild solution in 

“ -£>oo q 

the class 


u <e L oo ((0,T),r- 1 ^(M-)) OI^ C ((0,T],L°°(R")), V • u = 0, 


sup \/t 
te(p,T) 


In 


f- 

VeT / 


) ||w(i)||oo < °°, 1 hi (1;) ||w(i)lloo € L 9 ((0,T), y), (1.4) 


dO 


the map t i->- u(t) is continuous with respect to S' (M ra )-weak topology for 0 < t < T, 


and the solution map uq i—)• u from a neighborhood of uq in B^q (R n ) to the Banach space of 
the above class of functions on R n x (0,T) is Lipschitz continuous. 


In contrast to the above result, for the case 0 ^ a < a q we have the following result: 
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Theorem 1.3 For 1 ^ q ^ oo and 0 ^ a < a q , the problem (1.1) is ill-posed in B 0 0 1 g CT (M n ). 
More precisely, for 0 < 5 <C 1 and N 1 there exists uq E 5(M n ) with llwoll r- 1 ^ 5; 1 such that 

^oo q 

if we denote by u = u(5,t ) the solution of the problem (1.1) with initial data 5 uq (in case such 
a solution exists), then 

INM)II S -^ >QnNy q -° 

J - J oo q 

for some 0 < t ^ 1/N. 

From the above result and Theorems 2.1 and 2.2 of [6j we see that the largest Besov-type 
spaces in which the initial value problem of the Navier-Stokes equations is well-posed are the 

spaces Booq q (R n ), 2 ^ q ^ oo. This answers the question mentioned in the beginning of this 
paper. 

The organization of the rest part is as follows. In the next section we make some preliminary 
preparations. Section 3 is devoted to giving the proofs of Theorem 1.2. The proof of Theorem 
1.3 will be given in the last section. 


2 Preliminary preparations 

In this section we make some preliminary preparations. 

Choose and fix a nonnegative non-increasing function f E oo) such that 

5 3 

0 ^ f ^ 1, <f(t) = 1 for 0 ^ t ^ - and fit) =0 for t ^ 

and set 

¥>(£) = <MI£I)> i’iO = <KI£I) - </>(2|£|), 4>j{Q = f{2~ 3 f) (j = 0,1,2 ,■■■) for(Ef. 

It is easy to see that ip = 1 on B( 0,5/4) and suppy? C B{ 0,3/2), ip = 1 on B(0, 5/4)\B(0, 3/4) 
and supp'd' C B(0,3/2)\B{0, 5/8). Here B{a,r) and B{a,r) ( a E R n , r > 0) respectively 
represent the open and closed balls in R n with center a and radius r. We also note that 

= 1 on B( 0, 5 • 2 j - 2 )\B{0, 3 • 2 j ~ 2 ) and supp'd^ C B{ 0, 2 j+1 )\B{0, 2* -1 ) 

(j = 0,1, 2, • • • ). Moreover we have 

OO 

^) + E^^) = 1 for ^ Rn 

3 =1 

We denote by " and & the Fourier transform, and by ~ and the inverse Fourier transform. 
The notation OAf(R n ) denotes the topological vector space of temperate smooth functions on 
R n , i.e. u E Ojw(M n ) if and only if u E C°°(M ra ) and for any a E Z”, there exists corresponding 


5 


and 


r € R such that |<9"tt(x)| < (1 + \x\) r for x G I". Then we define So : <S"(R n ) —»■ Om(K") 

A j : S'(M. n ) —> 0^(1") (j = 0,1, 2 , • • •) to be the following operators: 

Sq(u) = J^" _ 1 (</tu), A j{u) = for u € S^R") 

(j = 0,1,2, • • •). It is well-known that for any u G S'(M. n ) there holds the relation 

OO 

Sq(u) + y~] A j{u) = u 

3 = 1 

in S"(R n )-weak topology. 

As usual for t ^ 0 we denote by e tA the pseudo-differential operator on R n with symbol 
e _t ^l 2 , i.e., e iA is the continuous linear operator in S'(M. n ) defined by 

e tA u = ^(e-^l 2 fx(0) for u € S'(R n ). 


It is well-known that when restricted on shift-invariant Banach space of test functions (see m 
for this concept), the family of operators {e tA }t^o forms a Co-semigroup of contractions (i.e. 
||e tA u|| ^ |M| for all t ^ 0), and when restricted on shift-invariant Banach space of distributions 
(also see [13] for this concept), {e tA }t^o is a semigroup of contractions, but it is not necessarily 
strongly continuous at t = 0 (it is strongly continuous for t > 0 ). 

In the proofs of Theorems 1.3 and 1.6 we shall use the following characterization of the 
space Bpq (R n ): 


Lemma 2.1 Let s G R, er ^ 0 and p,q G [l,oo]. Let u G S"(R n ). Let to > 0 be given. Let 
7^0 and 7 > s. Then u G Bpq (R n ) if and only if for any t > 0 we have e tA u G L p (R n ) and 
t~i | ln(^-)| fT ||(-\/— tD) 1 e tA u\\ q G L 9 ((0, to), 7 -). Moreover, the norms ||u||_gs^ and 


fit o s . CT 

a pq,to 


\e toA u\\p + 


rto 


L J 0 


t 2 


\e toA u\\ p + sup t 2 

0<t<tq 


In 

In 


(- 

Veto 

(±) 

Vet q/ 


\\(V^tDye tA u\\ 


|| (y/^iDye tA " 


idt' 
t . 


for 1 ^ q < 00 
for q = 00 


are equivalent. 


The proof is not hard; one needs only to slightly modify the arguments used in the proof 
of Theorem 5.3 in m to fit the present situation. We omit it here. □ 

Note that if s < 0 and 7 = 0 then for 0 < ti < t 2 we have 


\u\ 


oS,cr 

n pq,t 1 


< m 


R s,cr 

n pq,t 2 


h 


u\ 


r s.ct 

D p1,t 1 


for 


« € B%( 


It is well-known that the problem (1.2) is equivalent to the following integral equation: 

u(t) = e tA u 0 + [ e (t " T)A PV • [u(r) <g> u(r)]dr. 

Jo 
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Given T > 0, let B be the following bilinear form: 


B(u,v)(t) = f e^ r ' )A PV • [u(t) ® u(r)]dr. 

Jo 

The following very useful preliminary result is well-known (cf. Chapter 15 of [13]): 

Lemma 2.2 For any u,v € L) oc ((0, T), [L°°(M ra )] ri ) such that the right-hand side makes 
sense for a. e. t € (0,T), the following estimate holds: 


||S(ti,u)(f)|| 00 < f (t — t) 2 ||ti(r)|| 0 o||^(r)|| 00 dr for a. e. t€(0,T). 
Jo 


□ 


To make estimate of the right-hand of the above inequality, we need some Hardy-Littlewood 
type inequalities, which are given in the following two lemmas: 

ft d r 

Lemma 2.3 Let T > 0 and F(t ) = / /(r)—, 0 < t < T, where f is a measurable 

Jo T 

function defined in (0, T). Then for any 2 ^ q ^ oo the following estimate holds: 


In 


(— 

VeT 


q —1 (i/ 

i m\ q j i 


i 

9 <„ 


L J 0 


In 


o 


q -1 


m\ 


. d t 
t . 


( 2 . 1 ) 


where for q = oo the integration is understood in the conventional way. 


Proof: First, by using the Minkowsky inequality we have 



This proves that (2.1) holds for q = 2. Next we have 


\F(t)\ 




f\f{r) | 
Jo 


dr 

r 


In 


(i) 


l/( r )l • 


In 


(w) 


-2 dr 

T 


^ sup 
0 <t<T 

^ sup 
0 <t<T 



/ T \ 

2 

ft 

In 

kft) 

l/( T )l • ^ 

( 


( T \ 

2 

/ 

In 

\ft) 

l/('r)l • 

In f 


In 


V-) 

VeT/ 


(~ 

VeT 

-l 


-2 dr 
r 


ViG (0,T), 


so that 


sup 

o <t<T 




showing that (2.1) also holds for q = oo. Hence, by interpolation we see that (2.1) holds for all 
2 ^ q ^ oo. □ 
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f 1 ' / t \ — i dr 

Lemma 2.4 Let T > 0 and T(f) = / In I — ) /(r)—, 0 < t < T, where f is a 

Jo \eT / t 

measurable function defined in (0, T). Then for any 1 ^ q ^ oo the following estimate holds: 

where for q = oo the integration is understood in the conventional way. 

Proof: First we have 


In 


(~ 

VeT 


\m\j < 




rt 


'0 L J 0 
rT r rT 


I 0 L J T 
i rT. 


In 


In 


In 


( — 
VeT 

(~ 

VeT 

2 


T 


VeT 


In 

^eT/ 

dt‘ 

In ^ 

t 

In 

,er) 


—i dr 

I'M'Tj t 


i-L'I 


-1 


I/Ml 


di 

t 

dr 


—i dr 

l/(r)|^ 


Inf— 

VeT 


i/( r )i~) 

r 


showing that (2.2) holds for g = 1. Next we have 


sup 

0<t<T 


In 


VeT 


|T(f)| ^ sup 
o <t<T 

T- sup 
0 <t<T 

T- sup 
0 <t<T 


(± 

VeT 

VeT 

VeT 


lnf-J- 

VeT 


In 


VeT 


—l dr 

\f( T )\~ 

~ 2 dr 

— • sup 

T 0 <t<T 


111 


VeT 


I/Ml 




showing that (2.2) also holds for g = oo. Hence, by interpolation we see that (2.2) holds for all 
1 ^ q ^ oo. □ 

Now let B be the following bilinear operator: 

B(f,g)(t)= f (t-T)~^f(T)g(T)dr, t> 0. 

Jo 

For 1 ^ q ^ oo, cr ^ 0 and T > 0, we denote by (T) the following function space on (0,T): 


X;{T) = {/ € L; oc ( 0,T] : V~t 
I Vt 


In 


VeT 


7(i)€L«((0,T);^)} 


with norm 

II f\\ = II Vt\ In (~^=) f[t) 

VeT/ |L9((0,T);f) 

and by JP q a (T) the following function space on (0, T): J^(T) = J^(T) and for 1 ^ g < oo, 

jr/(T) = j^(T)nJC(T), 



with norm 


II/IIjt^ - WfWjqr + WfWje^- 

It is easy to prove that both and Jfffi (T) (1 ^ q ^ oo) are Banach spaces, and the 

following interpolation relations hold (cf. Theorem 5.5.3 of |2]): 

K °m,^(T)} [e] = jr q °{T), JQ l (T)] [e] = JT/(T), 

where 0 < 9 < 1, a = (1 — 0)ero + 9a\, 1/q = (1 — 0)/qo + 9/q\. Besides, it is clear that 
Xfi(T) C Jt£(T) C Jt£(T) C JT^(T) for 1 < 9l g 2 < oo, a ^ 0, 

and 

^ (T) C JT/ 2 (T), (T) C JT/ 2 (T) for ^ ^ <r 2 > 0, 1 ^ q < oo. 

The following bilinear estimate will play a fundamental role in the proof of Theorem 1.2: 

Lemma 2.5 Let T > 0 be given and assume that (q, a) satisfies one of the following two 
conditions: (a) a 1 and 1 ^ q ^ oo; ( 6 ) 1/2 ^ o < 1 and 1/a ^ q ^ 1/(1 — <r). T/ien f/ie 
following estimate holds: 

Mf,g)\Uf ll/lkHIffll^, Vf,g € k CT ( T )- (2-3) 


Proof: First we have 

|S(/,s)(t)K [ (t- T)~^\f{T)\\g(T)\dT 
Jo 

^ \[f f o \f( T )\\9( T )\ dT + J t (i-r) _ s|/(r)||^(r)|dr := Ji(t) +J 2 (t). 


For ,7] (i) we have 

VtJi(t) = V2 f \/r|/(r)| • v / r|g(r)| —, 0 < t < T. 

Jo T 

Applying (2.1) to the cases q = oo and g = 2 we respectively get 

k <11/11^ Nki> Vf,g€J&(T), 


kill 


< 


eSC c\ 


Next we note that 


VtJi(t) < \/2 sup VT 
0<t<T 


In 


VeT 


^ 2 ^ 

t/i'2 t/i'2 


i/mi • r 

Jo 


1 , Vf,g€Je?(T). 


In 


eT/ 


-1 r\'r 

Vr\g{r)\ —, 


(2.4) 

(2.5) 


0 < t < T, 
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so that by applying (2.2) to the case q = 1 we obtain 


W J i\\^<\\f\WM\^ V/ej£(T), V^gJ^T). (2.6) 

By using bilinear interpolation (cf. Theorem 4.4.1 of [2]), from (2.4) ~ (2.6) we easily get the 
following estimate provided that 1/2 ^ a ^ 1 and 1/er ^ q ^ 1/(1 — a): 

ll^ill^^ll/II^NI^- V/gj£(T), v 5 gjt q ct (t), 

where r a = 1/(1 — a), which immediately implies that 


\je^ H WfWje^WgWx^, Vf,9 s Jf q a (T), (2.7) 

provided that 1/2 ^ cr ^ 1 and 1 /cr q ^ 1/(1 — a). For J 2 (t), since t ~ t, we have 

(± 


sup Vt 

0 <t<T 


Hence 


In 


VeT 


J 2 {t) ^ sup \fr\f(r)\ • sup Vr 

0 <t<T 0<r<T 

< sup \/r|/(r)| • sup Vr 

0<r<T 0 <t<T 


Hi) 

u. 


I g( T )\ ■ J t (t 


l _ l 

— r) 2 T 2 dr 


In 


VeT 


cXt 'oo oo 

Besides, since r ~ t also implies that 

(± 


|sr(r)|, Vcr ^ 0. 

jrMljr*: V/,geJ^(T), Vu ^ 0. 

^oo c ' l 'oo 


( 2 . 8 ) 


V 


In 


VeT 


J 2 (t) ^ sup \/t|/(t)| • / (t-r) 2 T 2 • 
0<t<T J% 


ln f-T 

VeT 


b(r)|dr, 


we further have 

rT 


J^Vt lnf-^f) j 2 (t)y ^ o Sup^yT|/(r)|(t - r) 4 Mtjr ' ' h (^) IsMIdr 


^ sup 
0<t<T 


Vt|/(t)| • f 

Jo 


inf V 

VeT 


Is(t)| — , Vu^O, 

T 


i.e., 


WM# <11/11^11511^ <11/11^11511^, Vf€JeZ(T),Vg€je?(T), Vcr^O. (2.9) 
By interpolation, from (2.8) and (2.9) we get 

\\Mjr q * ZMlljrJglU*, V/eJC(T), V 5 g JT/(T), V g G[l,oo], Vu ^ 0, 
which implies that 


M 




< 


jf 9 CT ll5 , l|jf 9 CT > V /,g G VgG[l,oo], Vcr ^ 0. 


( 2 . 10 ) 


Combining (2.7) and (2.10), we obtain (2.3) in the case 1/2 ^ cr ^ 1 and 1/a ^ q ^ 1/(1 —cr). 
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Proof of (2.3) in the rest case a > 1 and 1 ^ q ^ oo is much easier. Indeed, since for any 
1 < q ^ oo, the condition a > 1 implies that 2 q'a > 1 , we see that for a > 1 and 1 < q ^ oo, 


^ V 2 sup x/r 
0 <t<T 


In 

VeT 

t 


< 

r-j 


jxrs 


Since a > 1 implies that 


ljf„ CT 


In f—- 

VeT 


0 


1/001 


1,1 (fi) 


'0 


In (-Jy 

VeT 


—2 <t 


ln(-J- 

VeT 


r dr 

l5(r)l v 


- 2 9 ,<t dr \ jr 


dt\ 


In 


(- 

VeT 


1 —— — 2cr 
9 


€ T 9 ( (0,T), — J, we see that Ji € JfffifiT), and 


Ikill^ < ll/II^M^- V/ G JOT), G JOT)- (2-11) 

It is easy to see that the above estimate also holds for the case q = 1 and a > 1. From (2.10) 
and (2.11) we obtain (2.3) in the case a > 1 and 1 ^ ^ oo. This completes the proof of Lemma 

2 . 6 . □ 


3 The proof of Theorem 1.2 

In this section we give the proof of Theorems 1.2. We shall first derive some linear and 
bilinear estimates, and next use these estimates to prove Theorem 1.2. 

Let 1 ^ q < oo and a 0. Given T > 0, we introduce a path space JFr as follows: 

JH«GC((0,T],L oo (M r ‘)):V. U = 0, ||w||^ < oo}, 

where 


MI,r T = sup Vt 

0<t<T 


In 


(— 

VeT 


fu 


L JO 


In 


( — 
VeT 


fu 


?df 
t 1 


It is clear that (J4 II • || $r T ) is a Banach space. We shall also consider the following path spaces: 

®T = L°°(( o, T), B~Y(R n )) n JT t , 

^ = C([0,T\,B- 1 ? 0 (W'))n&r. 


— 1,(7/ 


Lemma 3.1 Tet 1 ^ q ^ oo and a 0. If uq G Sooq 
T > 0, and 


then e tA uo £ /or any finite 


|e iA Mo||jr T + sup ||e tA uo|| R -i, CT <t ||w 0 || b -i, ct 
te(o,T) 009 009 


If furthermore uq € t/ien in addition to the above estimate we also have e tA UQ £ 4?, 


and 


lim ||e tA u 0 | 4 T = 0 . 
T->0+ 
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Proof: It is easy to see that B^f 7 (W 12 ) is a shift-invariant Banach space of distributions. 
Hence by Propositions 4.1 and 4.4 of m we see that uo G (W 1 ) implies that e tA uo € 

C*([0, oo), B^'f (W 1 )), i.e., for any t ^ 0 we have e tA uo € B^q 7 (W 1 ), and the map t i->- e tA uo 
from [0, oo) to B^q 7 (W 1 ) is continuous for t > 0 with respect to the norm topology of Bfi/f 7 (R n ) 
and continuous at t = 0 with respect to the *-weak topology of Bf^f 7 (W 1 ), and 

sup ||e tA rio|| o-i,< ||uo|| r -i.ct. 

CO q -Doo q 

Moreover, from Lemma 2.1 (choosing p = oo, s = —1, 7 = 0 and to = T) and the embedding 
H < ^ 1 q CT (R n ) C ( R n ) (for 1 ^ q < oo and cr ^ 0) we see that Uo G B/ 0 1 q (7 (R n ) implies that 

e tA uo G 3£t, and 

\\e tA u 0 \\^r < T ||WoII r _1 ’ ct • 

-°oo q 

Hence the first part of the lemma follows. The second part of the lemma follows from a standard 
density argument, cf. the proof of Lemma 2.5 in [6]; we omit the details. □ 

Lemma 3.2 Let T > 0 be given and assume that (q. a) satisfies one of the following two 

conditions: (o) a ^ 1 and 1 ^ q ^ oo; ( b ) 1/2 ^ er < 1 and 1/a ^ q ^ 1/(1 — a). Then 

B(u,v) G S£t, and 

ll-B(u,v)|U' T < IMI^tIMI-Tt- (3- 1 ) 

Proof: This is an immediate consequence of Lemma 2.2 and Lemma 2.5. □ 

Lemma 3.3 Let T > 0 be given and assume that (q, a) satisfies one of the following two 

conditions: (a) a ^ 1 and 1 ^ q ^ oo; (6) 1/2 ^ a < 1 and 1/a ^ q ^ 1/(1 — a). Then for any 

u,v G 3&r we have B(u,v) € L°°((0, T), B^f 7 (R n )), and 

sup \\B(u, v)(f)|| B -i, CT < T ||w||^- T ||v||^r T . (3.2) 

0 <t<T °° q 


Proof: We first assume that 1 ^ q < oo. By Lemma 2.2, for any s > 0 and t G (0,T) we 


have 


\e sA B(u, v)(t)|| 00 = / e O+ s - T ) A pv • [u(t) (g> v(r)]dr 


;/<« 


< (t + s-r) 2 ||w(r)|| 00 ||v(r)|| 00 dr. 
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Hence 


J (Vs ln (^) ||e sA H(w,v)(t)|| 00 ) 9 ^ 9 
Z f 0 (Jo^ ln d^ (^-rriHrJIlcollvWlloodr)^ ' 

+ SSSs ^ ln (^) ( t + s_r )~^l M ( r )ll 0 °ll v ( r )ll°° dT ) <? ~ 

+ It (Jo ^ ln (^) ^ + s “ r ) _ ^l M ( T )ll 00 ll v ( r )ll° odr ) 9 ~ 

: = !Li(f) + iL 2 (0 + ^3 (t). 

In K] (t) and K^(t) there holds the relation r < s, so that 

Ki(t) +K 3 (t) < J Q (J 0 (^) ( s_r )”^ll' u ( r )H'>oll v ( r )lloodry^ \ Vf € (0,T). 

By Lemma 2.5, the right-hand side is bounded by ||u||^r T ||v||^" T . Hence 

K\(t) + K 3 (t) <\\u\\^ T \\v\\^ T , Vt € (0,T). (3.3) 

The estimate of K 2 (t) is easy. Indeed, by applying the Minkowsky inequality we have 

s*~ l 9 ds) 9 (t-r) _ ^||'a(r)||oo||v(r)||oodr 

~ f 'ft ln (^) ( i - r )"^ll M ( r )lloo||v(r)|| 00 dr 

< sup \fr In (—^) ||w(r)||oo- sup y/r ||v(r)||oo 

0 <t<T \el / 0<r<T VeJ / 

/»£ 

x J {t-r)~^T~^ ln (^) dr ^ II u II^tII v II«'t! vte(o,T). 

Combining this estimate with (3.3) we see that 

j (?/* ln (^f) l|e sA J B(«, v )(0lloo) ,? y 9 < IMkJvll^, Vi G (0, T). (3.4) 

Similarly we can prove that 

sup v/i In (4) ||e sA H(w, v)(t)||oo < ||ii||^r T ||v||^r T , Vf€(0,T). (3.5) 

0<s<T Vei / 

Having proved (3.4) and (3.5), we now apply Lemma 2.1 to conclude that B(u,v)(t) € 
H-Vf(M") for all 0 < t < T, and moreover, 

II s (w. v )WIIb-v ~ t vte (o, t), 
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which proves (3.2). □ 

Lemma 3.4 Let 1 ^ q < oo and a ^ <j q . Let T > 0 be given and assume that u, v G STt- 
Then B(u,v) G (^([O, T], i.e., the map t i-g B(u,v)(t) from [0,T] to B^ff 7 (R n ) 

is continuous with respect to S' (R n ) -weak topology. If furthermore either u G or v G 
then also B(u,v) G ^9, and B(u,v) G C([0, T], i.e., B(u,v)(t) is continuous with 

respect to Biffq (W 1 )-norm, and moreover, 


lim ||-B(u,v)(t)|| R -i,a = 0 . 


t->o+ 


(3.6) 


Proof: We first prove that B(u,v)(t ) is continuous at t = 0 with respect to S"(M n )-weak 

(lM~ 2a € l/(( 0 ,T),^), it 


topology. Indeed, since the condition a ^ a q implies that 
follows that for any w G 5(M n ) we have 

\(B(u, v)(f), w)| = | f (e^ _r ^ A PV • [u(t) < 8 > v(r)], w)dr| 

Jo 

^ / ||w(r)|| 00 ||v(r)|| 00 ||PVw||idr 
Jo 


In 


Very 


< ||w||jr T ||PVw| 


T ||«||^,||PVw| 


(i) 

& 


V T 


V IT 


id r 
T J 
i dr 
r J 


/ T \ 

-2 <7 

Inf — I 


\eTJ 





0 (as t -> 0 + ), 


which proves the desired assertion. Next, let 0 < to < T. If to < t < T then we write 
B(u, v)(t) - B(u, v)(t 0 ) 

= [ e (t " r)A PV • [u(r) (8) v(r)]dr - [ ° e (<0 " T)A PV • [u(r) ® v(r)]dr 
Jo io 


r-to 


= / e ( ‘- r)A PV • [w(r) <8> v(r)]dr + [e (t -‘ o)A - /] / e do-r)A pv . ^ v(r )] dr 

J to J 0 

=:A(t) + B(t), (3.7) 

and if 0 < to — $ < t < to then we write 

B(u,v)(t 0 ) - B(u, v)(t) 

= [ ° e (*o-r)A pv . 0 v (r)]dr - [ e (t “ T)A PV • [i*(r) ® v(r)]dr 

do Jo 

= f ° e do-T) A pv . [u(t) <g> v(r)]dr + [e (t °-‘ )A - I] [ e (t “ T)A PV • [u(r) <g> v(r)]dr 

Jt Jo 

= [ ° e do- r ) A pv • [«(r) <g> v(r)]dr + [e (i °- t)A - 1} f e ( ‘- r)A PV • [u(r) <g> v(r)]dr 

Jt Jtn—S 


_\_ e (t-t 0 +S)Ar e (t 0 -t)A _ jj 

=:Ai(t) + B\(t) + B 2 {t). 


rtq—8 


e («o-<5-r)Ap V . u g, v ( T )] dr 


(3.8) 
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For A(t) we have (see the proof of (2.7)) 


P(*)|| r- 1 ^ ^ sup yTs 


0 <s<T 


In 


VeT 


/to 


e (t+ S -r)A pv . [ U ( T ) g, v ( T )] dr 


+ 


f 


In 


(- 

VeT 


r e {t+s-r) A PV . g, v ( T )] dr 

Jtn 


< 


U 




\ sup y/s 


+ 


S 2 


-1 


In 


0<s<T 

/ s \ "i 

vir 


to 

In 


9ds 


00/ S - 


Or) 


Jt 0 


'to 


< 


\-i -1 
+ s — t) 2 r 

In 


Inf— 

VeT 


- 20 - 


dr 


(t + s — r) 2 T 1 

-2a 




T\\u\\3C T \\-v\\a; T 


/(.-rrlr - 1 |ln(A) 


dr. 


Since to > 0, we see that lim ||^4(t)|| i, CT = 0. Moreover, since T(t) = [e^ *°^ A — I]S(w, v)(to) 




and B{u, v)(to) € T 0 o 1 g CT (K n ), by the assertion proved before we see that lim B(t) = 0 in 


S"(]R n )-weak topology. Hence 


lim B(u, v)(t) = B(u,v)(to) in S"(R n )-weak topology. 

Next, similarly as for A(t) we have lim ||Hi(t)|| s -i,a = 0. Moreover, similarly as for the 

t~tt 0 q 

treatment of A(t) we have that by choosing 5 sufficiently small, ||-Bi(f)|| B -i,<r can be as small 
as we expect, and when <5 is chosen and fixed, B- 2 (t) can be treated similarly as for B(t) to get 
that for any w € ( S'(M. n )) n , lim (^(t), w) = 0. Hence 

t—>t 0 

lim B(u,v)(t ) = B(u,v)(t o) in S"(]R n )-weak topology. 
t~ttg 

This proves B{u,w) € C w ([0, T], Finally, since B(u, v) € L°°((0,T), B^fq 7 (W 1 )) for 

u, v £ ^Ti it follows that if either u € ‘Stf or v € then by a standard density argument we 
see that B(u,v) € C([0, T], B^f^f (R n )), cf. the proof of the last assertion in Lemma 2.5 of [6]. 
We omit the details here. □ 


We are now ready to give the proof of Theorem 1.2. 

Proof of Theorem 1.2: Let 1 ^ q < oo and a ^ a q be given. We rewrite the problem 
(1.2) into the following equivalent integral equation: 

u(t) = e tA uo + B(u , u)(t). 

Given uq € B^q 7 (W 1 ) with divito = 0 and T > 0, we define a map J! : SCt —> as follows: 

For any u £ SZt, (u) equals to the right-hand side of the above equation. By Lemmas 3.1 
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and 3.2, J? is a self-mapping in 3Ct and the following estimates hold: 

\\f(n)U T < \\e tA u 0 \\^ T + C||w|| 

lr T > 

(«) - </( v )ll.r T < c (IMk T + IMI-Tt)!!™ - v lk T - 

Choose a number e > 0 sufficiently small such that 4Ce < 1, where C is the larger constant 
appearing in the above estimates. To prove the assertion (1) of Theorem 1.2, for any u$ £ 
5j#(R") w ith div-uo = 0 we choose T > 0 so small that ||e* A uo \sc T < e. By Lemma 3.1, 
such T exists. Then from Lemma 3.4 and the first inequality in the above we easily see that ^ 
maps the closed ball B( 0, 2e) in into itself, and the second inequality ensures that is a 
contraction mapping when restricted to this ball. Hence, by the fixed point theorem of Banach, 
J? has a unique fixed point in this ball. Since e tA Uo £ and B(u, u) £ for u £ from 
the iteration procedure we see that this fixed point lies in Hence we have obtain a mild 
solution of the problem (1.1) in the path space ^9. This proves the assertion (1). To prove 
the assertion (2), for given T > 0 we let uq £ B^q 7 (W 1 ) (with divuo = 0) be so small that 
||e tA 'Uo|| t gr T < e. Then from the first inequality in the above we easily see that J? maps the 
closed ball B( 0, 2e) in i n t° itself, and the second inequality ensures that is a contraction 

mapping when restricted to this ball. Hence, again by the fixed point theorem of Banach, J? 
has a unique fixed point in this ball. Since e tA uo £ &t and B(u,u) £ &t for u £ $<r, by a 
similar argument as above we get a mild solution of the problem (1.1) which lies in the path 
space PVt- This proves the assertion (2). The proof of Theorem 1.2 is complete. □ 

4 The proof of Theorem 1.3 

In this section we give the proof of Theorem 1.3. We shall mainly consider the case 2 < q ^ 
oo and 1 — 2/q ^ a < 1 — 1/q, because the rest cases l^g^2, 0 ^ cx < 1 jq and 2 < q ^ oo, 
0^cr<l — 2/q are easier to treat. In the end of this section we shall explain how to modify 
the arguments given below to get proofs for these two cases. Besides, we only give proof for the 
case n ^ 3, and proof for the two-dimension case is omitted. 

For a sufficiently large positive integer m, we denote 

stfm = {4 k : k £ N, 4m + 1 ^ k ^ 5m}, 23 m = {4 k : A; £ N, m + 1 ^ k ^ 2m}. 

Clearly \^3 m \ = \23 m \ = m. Let e be a sufficiently small positive number. For every positive 
integer k, we introduce three n-dimensional vector a*,, b k and c k as follows: 

o fc = 2 fc n-3(l,l,--- ,1), b k = 2 k ~ 1 (e, 2s, y/1 - te* A) r ■ ■ ,0), c k = 2 fc (l, 0, • • • ,0). 

Note that |a*,| = 2\b k \ = \c k \ = 2 k , k = 1, 2, • • • . Let <j) be as in Section 2 and set p(£) = </>( 8 |£|), 
£ £ R n . It is clear that p(£) = 1 for |£| ^ 5/32 and suppp C 5(0,3/16). We denote 

®tl + (Q = e * Ci$ P(? ~a k ~ bi), ~ a k + h), 

**, + (0 = j Cli P^ + a k~ b i ), (0 = e ici ^(£ + + 6,), 
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*«(o = nr (0++*«(o+*«~(o 

(fc, Z = 1,2,---). We now consider the initial value problem 

df U — A u + PV • (tug) u) = 0 in M n x M + , 
u(x,t) = Suo(x) for x G M ra , 

with a sufficiently small 5 > 0 and uq = u®, ■ • • , it°), where 

■i E E 2 ‘ Jr_ 1 ['MC)], 


(4.1) 


u\(x)=m ° 


Un(x)=—m a i 


keafm l€&m 

E E 


(4.2) 


«30)=--- = «n(») = 0 


(for a: E M n ). here we follow the convention that l/oo = 0. Note that 

Ui(x) = m~ a ~^ E E 2 fc [cos(a fc + bi)(x + ci) + cos (a k - h)(x + c t )]p(x + q) 


k(z£/rn le&m 


and 


u%{x) =—u\{x) + m a i 22 22 ^^ 1 


6 - 6 
6 


^fci(C) 


Note also that n/ € 5"(M n ) (* = 1,2,--- , n) and divu 0 = 0. Besides, it is clear that 

supp'ffc; c {( e R n : 2 k ~ 1 < |£| < 2 k+l } for k G .kC, l G (4.3) 


Lemma 4.1 Let m 2 > — lne. T/ien /or any 1 E g E oo we have 

\\ u i II B~ 1,a ~ !’ ?: = 1 > 2 - 

D oo q 

Proof: By (4.1), it is clear that supp it ) 1 does not intersects 5(0, 3/2). Hence 


(4.4) 


B~ 


oo 

J2 ( 2 ~ 3 f Wj* u l\\oo 


q ^ — <T- 

m <? 


a=i 


[E E 

je.eC 


/ <T ||/ 9 (a; + q) 


<< —(7- <T+- 

E m i ■ m i 


J2 Wpix + ciWoo) 9 < 1 for m»- In e. 


Next, choose a function y G C ,oo (M n \{0}) such that it is homogeneous of degree zero, %(£) = 1 
for |£/|£| — e| E 1/32, where e = (1,1, • • • , 1 )/y/n, and %(£) = 0 for |£/|£| — e| ^ 1/16, and set 
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^(0 = (6/6)x(6V’(0> ^j(0 = V’ , (2 J f), J = 1 , 2 , ■ ■ ■. Then since ^(0^(0 = ^(£)«i(0> 
j = 1 , 2 , • • •, we have 


1 OO 


B~ 




2 *n?||oo 


< 1 . 


3=1 3=1 

The last inequality follows from a similar argument as above. This proves the lemma. □ 
In what follows, for s € R, a ^ 0, p, q E [1, oo] and nonempty subset A of N, we denote 


\ u \\b s v 'Z{A) = < 


'£ ( 2J Tl|A 3 »|| r 


"ieA 


sup I 2 JS / 7 ||Aju|| p 
UeA V 

_ c-o—32m 


9 for 1 ^ q < oo, 
for q = oo. 


Lemma 4.2 Le£ m — lne and t = s2 62771 . Then for any 1 ^ q ^ oo we have 

rt 


e (t-r) A ( 5i _ 5 2 )( e ^ tt O e rA ?( 0) dr 


/0 


B, 


oo 1 q[3Sm 


s 2 1—<T—- 

> e m i 


(4.5) 


Proof: First we note that for any / € S"(M n ), if we denote u = e <A / then suppu(-, t) = supp/ 
for all t > 0. Hence, if the frequency support of / satisfies certain property, then the same 
property is also satisfied by u = e tA f for all t > 0 . 

Since suppp(- — a) * p(- — b) C B(a + b, 1/2), we see that for any k, k! € and l, l 1 € ^ m , 


supp(T^/' * T+y) C H(2a fc ,2 2 +1 ), p, v G {0,1}, 

supp(4*“ M * 4>”/) C B(-2a k , 25+ 1 ), //, i/ € {0,1}, 

supp($+ + * $*,"), supp($+- * T-+) C 5(0,1), 

supp($+ + * $* { 7), supp($+- * $*+) C {£ G 1" : 2 Za *'- 2 < |£| < 2 lM '~ 1 } (i / /'), 

suppW * <0 C{{£ R n : 2 fcAfc '" 1 < |£| < 2 fcAfc ' +1 } (k / k'), p, is G {0,1}, 

where as usual k A k' = max{k,k'}. Moreover, it is easy to see that for any j,l,l' € ^ m , if 

l A l' / j then 

AjW * V)] = * *«r)] = 0 , 


and if l A l' = j then 


* V)1 = * *i?), A j [^- 1 (4»+" * *-)] = * *“) 
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where j' = / V V = min{Z, ^}. It follows that for any j G 


A j(e TA Uie rA Ui) 

1,1'e^m 

-2(7-? 


= m 


E 2 2fc+1 ^- 1 (e- r '«l $+ + *e- r '«l ^+ + e- T l«l $+r * e”^' ) 


+2m 


fcG-s/m 
-2(7-? 


E E 2 2fe+1 A,[^- 1 (e-^l 2 ^ + *e-^l 2 $-t + e-^l 2 $ 


kj 




o' 

j'<3 

2 o_ 2 


— 2(7—-77 , —2(7 --JT 

:= m iU\j+m q U 2 j- 


Hence 


3 (t-r 


)A (5i -9 2 )(e rA u?e TA u?)d7 


B^Yi^rn) 


> 


m 



e {t - T)A {d l -d 2 )U lj dT 


3 (t - T)A (9i - d 2 )t/ 2i dr 


je^„ 


:=/ +J. 

We have 

f e (<_r)A (9i - <9 2 )C/ijdr 


(4.6) 


= iJ? 


^ _1 [ E 22fc+1 [ e“ (t " T)l?|2 (6-6)(e“ T|?|2 ^ + *e- T l«l 2 ^+ + e- T l«l 2 $+-*e- T l«l 2 ^r) 


ke^ 7 

= E 2 2fc+1 e* c ^ /"* e -(t- ' r )l € l 2 (Ci — € 2 ) [ e^K-^+M 2 ) 

k^J^/rn 


10 


X (p(£ - V - ak ~ bj)p(rj + a k - bj) + p(£ - p - a k + bj)p(p + a k + bj 
= -iJ r_1 |e* c ^e~ t|?|2 (£ 2 -£i)( [ Gt(t,£,,v)p(£-V-2b j )p(ri)dr] 


+ / G,- (t, £, ??)p(C - V + 26, 


where 


/»£ 

G^(tY,rf) := E 2 2fc+1 / e _r ^^ _T?+afc_ ^l 2+ l ,?_ “ fc+6j 'l 2_ ^l 2 Mr, 
G T (t,£,rf) := E 2 2fc+1 / e -T ^^ -T?+0fc+6j l 2+ l ,J-afc-6j 'l 2 ~^l 2 Mr. 

7. ^ -7 0 


kGJ^m 


dr 
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Since suppp C 5(0, 3/4), and 


\a k \ = T > 2 ibm+4 , \bj\ = 2 J_i ^ 2 , Vk € st m , Vj € 

we see that on the support of p(£ — r] — 2bj)p{rj) there holds 


\£-rj + a k - bj | 2 + | r]-a k + bj\ 2 - |£| 2 ~ 2 |a fc | 2 = 2 2fc+1 , 


so that 




_ e -t2 2k + 1 
22fc+l 


>m(l-e-‘ 2 “ m ). 


Similarly, on the support of p(£ — rj + 2 bj)p(rf) there holds 


Gj (t,£,r]) ~ 2 2 


_ c -t 2 2fc + 1 
22fc+l 


> m( l - 


Moreover, it is also easy to see that on both supports of p(£ — 77 — 2bj)p{rj) and p(£ — p + 2bj)p(rj) 
there hold £2 > £1 and 


e 141 (£2 - 6 ) > 2 2 ee 


7 —* 2 2 ^ 


Hence, since 


3 t|?| 2 ( 6 - 6 )( / G+(t,^,?7)p(^-7?-26 J >(r ? )d/ ? + [ G- (t, ^,ij)p(^-rj+2bj)p(ri)d'i]\ ^ 0, 

v JR" JR" 7 


we conclude that 1 


3 (1 r)A (9i -d 2 )Ui j &T >f e *^ |2 (6 -Ci)( f G+(t,t,rj)p{t-r l -2b j )p(ri)dri 

°° JR" v JR" 

+ f Gj (t, £, T])p(t;—r/+2b j )p(r/)dr/'j d£ 


2 J 'ee 12 J • m( 1 — e 12 ™) > £ 2 m2\ Vj € 


In getting the last inequality we have used the assumption that t = e2 32m and 0<e«l. It 
follows that 

r \ — 2(7 — - 2 1+CT+- \ 2 1 —cr—- /,< ryN 

I > m 1 ■ e m 9 > £ m 1 . (4.7) 


Next, by writing 


70*0 = [ e lvl ~f(x- 2Vty)dy, 

JR" 


x € M”, t > 0, 


we see that if / € L 1 (M n ) satisfies the property 


1/7)1 ^ C N { 1 + Ixl)-^, Vx € M n , ViV > 0, 


1 Hcre the following proposition is applied: Let / G S'( R n ). If /(£) is a nonnegative locally integrable function, 
then / is bounded if and only if / is integrable, and in this case ||/||oo = /(0) = (27r) -n ||/||i. 
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then there also holds 


\e tA f(x + a)\ ^ C N (1 + |x + a|) _iV , Vx € K n , VtE(0,l), VIV > 0, Va E R n . 
It follows that for any k E g/ m and j, j' E with j' < j we have 

||a i Aj(e rA i.+'‘ ■ e TA i^)lloo < 2'||e- A i+'‘.e- A i^|U 

i$7V || (1 + |x + Cj\) ^(1 + |x + Cjl |) ||oo 

<v VIV > 0, fi€ {+,-}, * = 1,2. 


The last estimate follows from a similar argument as in the proof of (2.45) of [ITj . Hence 
j* e (t-r)A^ _ a 2 )Z7 2 j dr| < ( Y, 22fc+1 ) ’ ^ 2 -^-^' 

< 2 40m • tm2- 4m ( N ~V < em , 


where we have put N = 3. It follows that 


E <m 2cr 9-2 4m m a ■ emn < em , 1 9 2 4m . 


(4.8) 


Substituting (4.7) and (4.8) into (4.6), and assuming that m is so large that 2 4m ^ e 2 , we 
obtain (4.5). □ 


Lemma 4.3 Let m 3> — lne. Then for any 1 ^ q ^ oo and t > 0 we have 

rt 


[ e {t - T)A d 2 [e TA {u° 1 + ^)e rA n?]dr 

Jo 


, <e 2 2 - %m rrT a —*. 


(4.9) 


Proof: Similarly as in the proof of the above lemma, for any j E we have 
2^j[e TA (w i + li^e^rt?] 

53 ^ 2 2 ‘+ 1 A 3 [^-‘(e- T ' £ ' I &^l$J + .e-ISI 2 ®j+ 


—2cr— — 

= m i 




Te -T l^l 2 ——— $+“ * e -b£l 2 $ 
£2 


kl' 


—la— — 

= m i 


53 2 2*+ljr-l( e -^£l 1 £^Ji 4 ++ , e -l«l 2 4.-+ + e -l £ l 2 h_fl $ +- » 

?2 ?2 


>6 - Ci. 


+2m- 2CT -7 £ E 2 2fc + 1 ^- 1 (e-l€l a «^il${+*e-l€l a ^t 


k£.£^m 3 f ££&rr, 
j'<3 


—2a— — Tr . — la — - t . 

:= m 9 Vij + m 9 Vg?'- 


6 


+e 


-^P&_Jl 4 +r» e - |£ P 4 --) 


kj' 
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Hence 


3 (t-r)A (9i _ 52)(e rA n 0 e .A u 0 )dT 

-Oqo q \^m ) 


2- j f\\ / e^ A d 2 V lj dr 


m 2<t i ^ ^2 J j CT / e f/ ^fcVydr ^ 
+m~ 2cr ~« Yj ^2 _ - 7 j cr f e ( ' t ^ r ' lA d 2 V2jdT 


■-M + IV. 


(4.10) 


As for f e^ r ' )A (9i — <9 2 )HijdT we have 

Jo 


eJ- T)A d 2 V lj d t = i& 


= iJF~ 1 [ Y 22k+1 [ e“ (t " T)l?|2 6^e" T|?|2 ^—— $++ * e“ r|?|2 $“ + 

fce^m 

+e -T|?| 2 ^_Ji$+- * e - T l« |2 $-r)dr 

= i&~ x |e* c ^e~^ |2 £ 2 ( [ (t,£,,rj)p(£ — q — 2bj)p(q)dq 

1 v JR" 


+ / H- (;t, f, r?)p(£ - r/ + 2h 


where 


H+(t,£,r,):= Y 22 


. 6 - 772 - gi + 771 - 2 J *e r 

£2 — 172 + 2 k n ~^ — 2-1 e Jo 


rt 

/ e -r(|?-»?+afc-fej| 2 +l r ?- a fc+ b il 2 -|€l 2 ) c J r) 

Jo 


H~(t,£,ri):= Y 2 2k+1 ^ 2 ~ r]2 ~ ^ 1 + V \ +2J ^ f* e-^l^+“fc+M 2 +h-«fc-&d 2 -l€l 2 )d r . 
ke^ m & -V 2 + 2 k n 2 + 21 e Jo 

It is easy to see that on the supports of p(£ — 77 =p 2 bj)p(q) there respectively hold 

6 - f?2 - Ci + Vi =F 2 j - 1 £ ^ n? _ A ._ 

. 1 rsj ^ 

6 - V 2 + 2 k n 2 =p 2?e 
so that similarly as before we have 


0^H±(t,£,r,)< Y 2 2k+1 ■ 2 J - fc £ • - ^ 


-t2 2k+1 


22k+l 


< 2l _16m £. 


Hence 


e (< r)A <9 2 H Lj dr < [ e t|€|2 &( / C^)p(^-^-2^)/o(?7)d77 

00 ii" v ft" 


+ / (*,^,»7MC-»7+26j 

ir 

< 2 2 J --16m e 2 > V jG^ m . 
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It follows that 


M < m ~ 2a ~« • m <T 2 _16m e 2 


^ 2 J9 j 9 < £ 2 2 _8m m _<T_ 9. 


(4.11) 


For / ^c^Vg/dr we have 


j'eSSm 

i'<j 


e (i r)A d 2 V2jdT = ^ 1 e* Cj? e / e^ Cj ' c ^ v Hp(t,£,r])p(£-r)-bj-bj>)p(r])dri 


+ / e* (c ^ V) T 'i7 j; (i,^ r? )p(^-?7+6 j +6 j / 


It follows that 


r e (t-T)A d 2 y 2jdT < y 2 i e . 2 /-16m £ < 2 2j-16m e2j Vj - 
•10 00 


Consequently, 


j'e&m 

i'<j 


IV < m~ 2a ~I • 7n f7 2 _16m e 2 


y 2^) 9 < e 2 2- Sm m- a -«. 


(4.12) 


ie^„ 


Substituting (4.11) and (4.12) into (4.10), we get (4.9). □ 

Lemma 4.4 Let m>- lne and t = e2~ 32m . TTien /or any 1 ^ q ^ oo and t > 0 we have 

rt 2 


/ V (e 


/„rA„,0 „rA„,0 


nee u a dr 


■2)d7 


B^Yi^rn) 


s' 3 1—<T—- 

^ £ m i. 


(4.13) 


Proof: A basic observation in getting (4.13) is that on the supports of p(£ — 7/4= 2 bj)p(rj) 

d d 

and p(f — p =p bj T bji)p(rf), the symbol of the pseudo-differential operator °^ p is bounded by 
Ce 2 , where C represents positive constant. Indeed, on these supports we have 

&*£/3 


~ 2 J e {a = 1,2) and |£| ~ 2 3 (assuming/< j), so that 9 < e 2 (a, /3 = 1, 2). 


l£l 5 


There are four terms in the sum , and consequently the left-hand side of (4.13) can be 

a,(3=1 

bounded by a sum of four terms. We estimate each term separately. 

(1) Estimate of the term with a = (3 = 1. This term can be estimated as in the proof of 
(4.5). Indeed, similarly as in (4.6) we have 

rt 


[ e {t - T)A d 1 ^p-(e rA u° 1 e TA u° 1 )dT 
Jo A 


B, 


o Jq{^m 


<V + VI, 
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where V and VI are expressions obtained from modifying / and S, respectively, by replacing 

d d 

d\ — d 2 with d\ . By using some similar argument as in the proof of (4.7) (and using the 
inequalities 1 — e -£ 2 32m 1 and e~ t22j ^ 1) we have 

1/ <- m. i ■ e m ® V e m ®, 

and using some similar argument as in the proof of (4.8) we have 

VI < • 2 ~ Am m a ■ e 3 m < e 3 m 1_,T_ i2- 4m . 


Hence 


(t — t )A o ^'1^'L / xA 0 rA 0 \j <r^ 3 1—&—— 

—.— (e uVe u\ dr , < em ®. 

1 A V 1 J-/ 7,-1 ,tr, sx \ ~ 


(4.14) 


(2) Estimate of the term with a = l,/3 = 2ora = 2,/3 = l. We have 
e rA n 5 e rA U 2 = e' rA u t j ) e rA (u) ) + u 2 ) — e rA u?e TA u?. 


By using some similar argument as in the proof of (4.9) we have 
e(*- T ) A 9 i^[e TA u?e rA (u? + u° 2 )\dr 1 

Jo A L 

and similar to (4.14) we have 


< e 4 2 _8m m _<T_ 7 


Hence 


f e (t ~ T)A d 1 ^{e TA u° 1 e TA u° 1 )dT 

Jo A v 1 1 

[* e (t-T)A dl JJlp L ^TA u O e TA u Ojd T _ i( 

JO A ^oo q 


s' 3 1 —<T—- 

5 ■ £ m i. 


s' 3 1 — (T — — 

5 - E m i. 


(4.15) 


(3) Estimate of the term with a = f3 = 2. We have 

e TA v%e TA v% = e rA (u? + u^)e rA (u? + u° 2 ) - 2e rA u° 1 e TA {u° 1 + u° 2 ) + e rA u?e rA u?. 


By using some similar argument as in the proof of (4.9) we have 

/‘e<‘- T)A 9 1 h^[e TA (»; + u»)<d a (u» + a»)]dr , 

Jo AA 13 qq q [Si 


< e 5 2 


Hence 


r e (t-T)A di ^2d2^ e rA u 0 TA u 0^ dT 

Jo A 2 s-V(^ m ) 

< e 5 2 _16m m CT ®+£ 4 2 _8m m ® + ^m 1 ® < e 3 ??? 1 a ®. 


(4.16) 


Now, summing up (4.14), (4.15) and (4.16) (with (4.15) twice), we obtain (4.13). □ 
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We are now ready to give the proof of Theorem 1.3. 

Proof of Theorem 1.3: As we mentioned in the beginning of this section, here we only 
consider the case 2 < q ^ oo, 1 — 2/q ^ a < 1 — 1 /q. Hence, in what follows we assume that 
these conditions are satisfied. 

Given T > 0, let X be the following function space on M n x [0,T]: 

X = {u G T“ c ((0, T], L°°(R n )) : \\u\\ x < oo}, 

where 


o <r<Vt 

and let Y = Ifl L°°((0, T), bmo^ 1 ) with standard norm for joint space. It is well-known that 
there exists ex > 0 such that for uq G bmo -1 with Hduollfemo- 1 ^ e T , the problem (4.1) has a 
unique solution u = u(S, t ) G Y, and 

l|w(5, -)l|y ^ ^llwollfemo- 1 ; V5 g(0,5o)- (4.17) 

Moreover, there holds the following estimate: 

\\ b ( u , v )\\y <\\u\\x\\v\\x, V«,vel. (4.18) 


\u\\x ■= sup \/t||n(-,t)|| i oo( R n) + sup 

0 <t<T zeK™ 


1 


\B(x,R)\ 


[ \u(y,t)\ 2 dydt) 
J B{x,R) 7 


We refer the reader to see Theorem 16.1, Lemma 16.3 and the proof of the corollary following 
Theorem 16.2 of |T3] for proofs of these assertions. Since u = 5e tA UQ + B(u, u ), from (4.17) and 
(4.18) it follows that 

I \u(6,-) - 5e tA u 0 ||y < ||w(5,-)llx < <S 2 ||«o|lLo-i> V5 € (0,«5 0 ). (4.19) 

Let v(5,t ) = B(e tA uo,e tA uo) and set 


w(5, t ) = u(5, t) — de tA ito — S z v(5, t ) 

= f e ^ _r ^ A PV • [u(<5, r) <g) u(6, r) — 5 2 e TA uo ® e rA iio]dr. 
Jo 


Since 


w(S,t) = f r ' )A PV • {[tt(5, r) — de tA wo] <8> u(S, r) + 5e tA uo ® [w(<5, r) — de tA Mo]}dr, 

Jo 

by (4.17) ~ (4.19) it follows that 


l™(<V)llv % \\ u i^ -)IM|w(<5, 0 ~5e tA u 0 \\ x < ||w(<y,-)ll 


lx ~ 


<^ 3 ii«oIILo- 


(4.20) 


Now let uq be the vector function given by (4.2). Since uq G S(W 1 )), the above results apply to 
it. By applying Lemma 4.1 we have 




(4.21) 
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Thus by (4.20) we have 


(4.22) 


\w(8,-)\\ Y <8 3 m 2 i 3a , 


which implies that 


<m ff+ «||ti»(«J,t)|| B -i o( ^ m ) <m CT+ i||™(<5,-)||Y <8 3 m% f 2,T , Vie(0,T). 

(4.23) 

Let ui(<i, t) be the first component of v(5, t ). From Lemmas 4.2 ~ 4.4 we see that with t = e2~ 32m 
and m>-lne, 

\\ v (6,t)\\ B -Y^ m) > pim\\ B -Y^ m )^ £2rnl ~ a ~^ 

Hence 


\\u(6,t)\\ B -Y > IMM) - S 2 v(8,t)\\ B -if {am) ~ 5||e' A tx 0 || B -i, CT 

> 8 2 \\ v (5,t)\\ B -i^^ m ^ - \\w(d,t)\\ B -i,a^ m) - <5||w 0 || b -i,<t 

> C 0 6 2 e 2 rn~ a ~^ - C 1 S 3 m^~ 2a - C 2 5 for t = e2“ 32m . (4.24) 

Since the conditions 1 — 2 /q ^ a < 1 — 1 /q and q > 2 imply that 1 — a — l/q > 0 and 

1 — a — 1/q > 3/2 — 2/q — 2a, it follows that for any given 0 < 5 < do and 0 < e -C 1, by choosing 
m sufficiently large (depending on 5 and e), we have 

\\u(S,t)\\ B -i,a ^ ^Co6 2 £ 2 m 1 ~ <7 ~^ for t = e 2 _32m . 

This completes the proof. □ 

Remark 4.5 Note that the above proof actually works under the weaker conditions 

2 < q ^ oo and 1/2 — l/q ^ a < 1 — l/q. 

Remark 4.6 To treat the case 1 ^ q ^ 2 and 0 ^ a < l/q, we need to use a different class 
of initial values uq which are obtained by modifying the definition of (4.2) as follows: In the first 
two lines of (4.2), remove the first sum , replace m a « with m~ a , and put k = 16m. The 

kejrfm 

arguments in the statements and proofs of Lemmas 4.1 ~ 4.4 must be correspondingly modified: 
The right-hand sides of (4.5), (4.9) and (4.13) need be replaced with e 2 m« a , e 2 2 _8,n m _fT and 
e 4 m5 -<T , respectively. We omit the details here. Note that this can also be regarded as a 
modification to the argument of [El- 

Remark 4.7 To treat the case 2 < q ^ oo and 0 ^ cr < 1 — 2/q, another different class of 
initial values uq have to be employed, which are obtained by modifying the definition of (4.2) 
in another way as follows: In the first two lines of (4.2), remove the second sum , and put 

l = 4 m. The corresponding modifications in the statements of Lemmas 4.2 ~ 4.4 are as follows: 
All SS m in these lemmas need be replaced with the single-point set {4m.}, and the right-hand 
sides of (4.5), (4.9) and (4.13) need be replaced with e 2 m 1 ~ a ~^, e 2 2^ and £ 3 m lrT Q, 
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respectively. In this case, the estimates in (4.21) ~ (4.24) need also be correspondingly modified: 
Not only the set need be replaced with the single-point set {4m}, but also the final bounds 
in these estimates need be replaced with m ~ a , <5 3 m _3fT , d 3 m~ 2a and 

C' 0 (5 2 e 2 m 1_cr_ 9 - C\5 3 m~ 2a - C 2 5, 

respectively. We omit the details here. 

Remark 4.8 For the case 2 < q ^ 2 and 0 ^ <7 < 1 — 2/q, an alternative proof is to 
modify the argument of |19j . The modification is as follows: Let 

v° = (0,0,1,0,--- ,0), v l = (0,1,0,0, ■ ■ ■ , 0), w° = (1,0,0,0, ■ ■ • , 0), w 1 = (0,0,1,0, - - - ,0), 
a o = 2 4(m+fe) w 0 ; a l = 2 ^m+k) w o + 2 m w i ? fc = 1,2, ■ ■ ■ , m. 

Then set 

m 

uo(x) = m a i || [u° cos(a^x) + v 1 cos(a{x)]. 
k =1 

Using this function as the initial value and correspondingly making necessary modifications 
to the argument of m, we obtain a different proof to ill-posedness of the problem (1.2) in 
for the case 2 < q ^ 2 and 0 ^ a < 1 — 2/q. 

Remark 4.9 Here we only treated the case n ^ 3. After making some modifications to 
the argument given above as in Section 3 of m, we see that Theorem 1.3 also holds for the case 
n = 2. 
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